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Abstract. A necessary and sufficient condition is given in order that a quasi-free state
on the Clifford algebra o/(H, s) build on a real separable Hilbert space (H, s) be a factor
state.

I. Introduction

Let (H, 5) be a real Hilbert space which is separable (i.e. H is a real
vector space and s a real scalar product on H). Let .2/(H, s) be the CAR-
algebra constructed on (H.s) ie. it is the C*-algebra generated by the
elements B(y) where y— B(y) is a real linear map of H into </(H, s)
satisfying the anticommutation relations

[B(w). B(¢)]. =2s(y. @) I
for all y and @ of H; I is the unit element in </(H, s).

The quasi-free states w, on /(H, s) are those states which are com-
pletely determined by an operator A on H such that for all y,pe H

w4(B(y) B(@)) = s(y, @) +is(Ay, @), (1)
s(Ap,@)=—s(p,Ap) or A" =-4, (2)
Al =1. (3)

For more details see (1).

A state on a C*-algebra is called factor state if it induces a factor
G.N.S. representation. In this note we prove that w, is not a factor state
if and only if the dimension of the kernel of 4 is odd and

Tr[l - (4*4)}] <o

II. The Theorem

Among the set of quasi-free states w, we distinguish two cases:
let M, be the kernel of the operator A, then:

1. dimension of M, is even or infinite,

2. dimension of M, is odd.

* On leave of absence of Université d’Aix-Marseille, Fac. Sc. St. Charles, Marseille 3°
(France).
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a) First case: dimension YN 4 is even or infinite.

Let A= U|A| be the polar decomposition of 4 on (H, s), then on
Mi=HOM,:U*=—1,U" =—U. Since A4 is a normal operator, U and
|4| commute, and since dim IR , is even or infinite we can extend U to H
such that its extension J satisfies:

J*I=JJI*=1; Jt=-=J; A=J|Al.

The operator J is a complex structure on (H, s) such that [4,J]_=0.
Hence the quasi-free state @, determined by the operator A is J-gauge
invariant [1]. It has been proved by several authors [2, 3] that gauge
invariant quasi-free states are factor states. We summarize:

Proposition 1. Every quasi-free state o, on the CAR-algebra </ (H, s)
such that dimR, is even or infinite, is a factor state.

b) Second case: dimI , is odd.

From the work on product states (see e.g. [4]) it follows that without
loss of generality we can restrict ourselves to the case that dim .#,=1.
The operator A leaves invariant M, and M, therefore [4] w 4, is a product
state

W4 =0@w¢
where w,=w, |/ (M, s) (it is the central quasi-free state of .=7(M, s))
andw. = w |/ (M3, s)(where C = A|MY). Let(ny, Qo. H#,)and (e, Q. H#e)
be the G.N.S. representations, cyclic vectors and representation spaces
of w,, respectively w¢. Let (m,, Q,, #,) be the G.N.S. representation,
cyclic vector and representation space induced by the state w,, then

one verifies that _
Hy=H,Q A (4)

(® is the completed tensor product of Hilbert spaces),
2,=2,80,, (5)

7u(B(po) = 7o (Bpo) @0 for 1p,e M, }
T4(B)=5L®nc(B(y) for y ey

where [, is the unit operator on .#;; f is the unique unitary involutive
operator on ¥, anticommuting with every element of the form n(B(y)),
e My such that O Q.= Q (the existence of the operator 6 is a conse-
quence of the fact that the state @ is invariant under the *-automorphism
7 defined by y(B(y)) = — B(y), y € My).

It is proved in (2) and (3. Rideau) that each gauge invariant quasi-
free state w, induces a G.N.S. representation which is quasi-equivalent
to the representation induced by a quasi-free state wp, where |D| has a
pure point spectrum. The generalisation of this result to all quasi-free
states is immediate. Because two quasi-equivalent representations are

(6)
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factor representations if and only if one of them is a fgctor (5; prop. 5.3.4),
from now on we can suppose that|4| has a pure point spectrum. Hence
there exists an orthonormal basis {y;};=, 5. . of M such that

if C=J|C]
then
vai=J vy,
IClwai—1=ai¥2i-1»
IClwai=a;yy;,
and

O<a;=1; i=1,23,....

Using (4) the state w, is a product state
wc= & o
im1,2,...
where w; is the restriction of w¢ to &/ (H;, 5); H; is the subspace generated

by {v2i-1, ¥} .
The states w; induce a G.N.S. representation determined by the

triplet (m;, Q;, ).

Let
91=iﬂj(B(W2j-1)B(W2j))
then

nc(B(y)=0,80,@ - @6,-, @m(B(y) @[+, ® - (7)

for all y e H;; I; is the unit operator on #; and
Q=X (8)

i=1

He=RH ( associated to ®Q,-). (9)

i=1 \ i=1

Proposition 2. Let dimM, =1 and Tr(1 — |A|) <, then w, is not a
factor state.

Proof *. It is proved in [4; 2.3.5] that if w, is not a factor state, its
center is generated by a hermitian, odd element Z, such that Z2=1.
Now we construct explicitly this element.

The operator |A4| has a pure point spectrum, hence we can use the
infinite product form of the representation induced by e given by (7),
(8), and (9). Define the operator

(= ®75j(B(‘P2.'-1) B(y,,)
=1

! For a shorter proof, see appendix.
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on #.. Now

(1—=1(2; (B (w2;-1) Blyy)) Q,)))

@
i=1

Il
[~18

(1—a)
i=1

=Tr(I—-|C)).

]

Because Tr(I — |A|) < s, we have that Tr(I — |C|) < 2c.Hence the operator
{ is a bounded operator on # [7].

We prove further that { € no(./ (M. s))". We prove that { is the weak
limit of the sequence {(,},-;.2

{n= nc(l_[ Blyy;-y) B(Wzr))-
i=1

The sequence {{,},-.».. is a uniformly bounded sequence. hence it is
sufficient to prove the convergence on the set of vectors

k
{9(..]‘]7:6(3(@‘.5))964;}(:.1:\1 and keIN}.

i=1

Let ’
Youio™ l_[ nC(B(IPi,)) Qc
J=1

then we have to prove that

I(W(l'l.....in; ((:_‘:n] lp(r,“.r;‘]”_'o (10’
as n tends to infinity, for all finite (i, ..., i) and (r, ... r,). We take n> i,
and r,.

Because

I
I_I nc‘(B{U’ij))
j=i

commutes or anticommutes with both { and {, depending on whether [
is even or odd, (10) is equivalent with

|(QC‘(‘:_;n]lp __rk))l“"*O as n—oo. (ll}

(ry.

The state w is even, hence if k is odd, (11) is trivially satisfied, otherwise
put k = 2m. It is easily verified that the only non trivial case happens when

3

J

Paii-1,30..0™ ﬂc(B(‘st,-l)B(lpzi,)) Q.
1
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In this case
%(Qc, {; o ‘:n) ' tP(li;- 1.21‘1....))|

@® n

j=n+1

which vanishes when n tends to infinity [7].

Hence :
{enc(a(My,s))".

Now we have two operators [ and 6 both anticommuting with the gener-

ators .
ne(B(y)), wediy

of

el (Mg, 5))"
and [, ®{ e n4(. H. 5))". One easily verifies that
Z=n,(Bwo))lo®{)=7o(Blyo)®0{ € my(AH, s)' nmy(A(H,s)) -

Hence w, is not a factor state. Q.E.D.

Proposition 3. Suppose that dim"M, =1 and thar 1 — |A| is not a trace
class operator, then the quasi-free state w, is a factor state.

Proof. Let E,, be the subspace of H generated by {yq, ¥y, .- Wan—1}-
The algebra o7(H, s) is a UHF algebra and

{"”n = “d(Elns)}n

Is an incrasing sequence of (2" x 2")-matrix algebras which generates /.

A state w on ./ induces a factor representation of .« if and only if for

each x € o/ there is an integer n >0 depending only on x such that
lo(xy) — w(x) o) = ||y (12)

for all y e .#F [6] (#S consists of all elements of .« commuting with .#4,).
Let

X=X,+ Xg
be an arbitrary element of o/ such that
Xe=%(y(x)+x),

Xo=3(x—7(x).
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We prove that there exists an integer n such that for all ye .#F:

4 (x.¥) — w4(x) @ M3 |y (13)
and

0 4(x0¥) — @ 4(x0) @ 4()| é% Iyl - (14)

1) Because the set {B(y;)|i €N = the non-negative integers} generates
the algebra o/(H, s), there exists an integer p, such that

Xe=38;+5;,

Is.ll =%,
and

s,€A,(E,..5).

We note by .7, and ./, the even, respectively the odd part of .«#. Further
for all g= p, and all

ye A (E,, s) =, (E;, 5)DO,4,(EL, s)
([4], a) 2.3.1) where 0, = i*B(1p,) ... By, ),
y=Yet+ 0¥
and we get

| 4(x,¥) — (’Jd(xe) W, = |w_4(51}') —w4(5y) w.{(}')'
+104(52) — @4(s3) @4 ()]
< w45, —@4(s1) @) + Iyl =3y
because firstly @, is an even state implying w (s, 8,y,) =0 and secondly
@4 is a product state implying w (s, y.) = @ 4(s,) @ 4(y,) (for more details
see [4], a) 2.1). This proves (13).

2) By the same remark as in 1), there exists an integer po€IN such
that

Xg=1y+12,
Izl %
and
ty € o(Ep,. 5).
Let r be an integer such that p, <r and

ye A (E,, s) = o, (Er,s)DO, 4, (E;,s)

then
y=Ye+0,¥0.
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Hence
lws(x0y)  @4(x0) @,4(¥)l
Slwa(tyy) — @4lt) 0+ 1Y
=|w,(t,0,y0)l + 1 Iyl
Now t, € ,(E, . s) and w, being a product state
lw,(t,0,y0)l=K-L,-M
where
K =|w,(t;B(yo) ... By;))l,
L= iwA(B(qu+ 1) - Blwa, -2,
M = |w4(B(y2,-1) Yo)l -
Only the value of K depends on x; by explicit computation
L= r]:f a;
i=q+1
and by increasing the value of r, the value of L, can be made as small as

we like (remembcr that Tr(l—|A4|)= = implying ﬁ a;= 0). Hence we
can take r such that =
KL <%,
finally w, being an even state
M =|w,(B(wz,-1) Yo)
=|w4(B(wo) --- Blya,-2) YIS ||yl -
Hence

=4yl .

@ 4(x0)) — @ 4(x0) @ WIS 3yl + 31yl

This proves (14).
By taking
n = max(p,,r)

p. as defined in 1) and r as in 2) it is satisfied to (12). Q.E.D.
As an immediate consequence of Propositions 1, 2, and 3 we may
now formulate the main result.

Theorem. In order that a quasi-free state w, on =/ (H, s) is not a factor
state, it is necessary and sufficient that the operator A en H satisfies

(i) dim(kernel A) is odd,

(i) Tr(I — (AT A)}) < .
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Appendix

D. Testard informed us about a simpler proof of proposition 2.
With the same notations as above it goes as follows; the state w = w, ® w,
is not a factor state because the operator 6 belongs to the von Neumann
algebra 7,(o/ (M. 5))" (n; being irreducible), hence

Z =m,(B(yo))- I ®0) =mo(Byo)) @1

belongs to the center of «,,.
Because Tr(I — |C|) < oo we have that a is quasi-equivalent to ), [8].
hence w, is quasi-equivalent to w, implying that w, is not factorial.
We reproduced this proof because of its elegance. However we prefer
to keep the proof given above, because it contains the explicit construc-
tion of the generator of the center.
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