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ABSTRACT. — A necessary and sufficient condition for implementation
of some local gauge transformations in a class of irreducible representations
of the C. C. R.-algebra (« Weyl algebra ») is proved. Not all of the pure
states induced by these representations are unitarily equivalent to « physi-
cally pure » states; it is shown that a state of the class we consider is unitarily
equivalent to a physically pure one if and only if a certain property (charac-
terizing the « discrete » states) holds. Unlike the fermion case, they are
quasi-free states which are not discrete. The discrete quasi-free states
are all equivalent to the only Fock state of this class.

1. PRELIMINARIES

A. The Problem.

In the following paper we consider gauge transformations of the second
type over a free Bose system. More precisely if © is a Weyl representa-
tion (*) of the C. C. R.-algebra A then it is equivalent to deal with a family

(*) Attaché de Recherches. C. N. R. S., Marseille.

(**) This work is a part of a « Thése de Doctorat d'Etat » presented to the Faculté des
Sciences de Marseille-Luminy, June 1974, under the number A.0.9921.

(***) Université de Provence. Centre Saint-Charles, Marseille.

(') See further and [/] for the definition.
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298 J. F. GILLE AND J. MANUCEAU

{ @/, ag }uen Of creation and annihilation operators on an Hilbert space #°;
the gauge transformations of the second type we consider are

a; v etdqlt a; — e hlgr

with 4,0 on the real line.

Such a transformation is induced by an automorphism 1, of the C. C. R.-
algebra A = A(H, ¢), which is described in the next paragraph. As in (3]
we look for irreducible representations of A for which the evolution 6 +— 1,
is implemented by a (strongly) continuous unitary representation of the
real line @ — U,. Such are the head lines of the programme sketched by
Dell’Antonio in [4]. We solve fully the problem in the case where the gene-
rator of 1, is diagonalizable.

B. The Boson C*-algebra and some
of its Gauge transformations of second type.

Let (Hy, o) be a separable symplectic space, i. e. a real vector space
equipped with a regular, antisymmetric, real bilinear form, which turns H,
into a locally convex topological space whose topology is defined by the

semi-norms:
P ¥ — oo, ¥)| @ veH,

We suppose from now, except mention of the contrary, that H, is complete
for this topology:; we call H, g-complete.

Let A(H,, o) be the algebra generated by finite linear combinations
of s, Y € Hy, such that:

du@)=0 if yY#o¢

5*(\[’} =1
with the product law:

and

8,0, = e~ "5, .,

and the involution:
oy Oy =0,

Let #(H,, o) be the set of non-degenerated representations n of A(H,, o)
such that the mapping:

i€R, A m(d,,)
is strongly continuous.
Let #(H,, o) the set of states of A(H,, ). We define a norm on A(Hy, o)

by:
x€AHo 0),  [Ix]|l=_sup /o(x*x)
weF (Hp,a)

It is a C*-algebra norm [/A].

The closure of A(H,, o) with respect to this norm will be denoted
A, = A(H,, 0) and we shall call it the C. C. R.-algebra (Some call it the
« Weyl algebra » [2]).
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GAUGE TRANSFORMATIONS OF SECOND TYPE AND THEIR IMPLEMENTATION. IL 299

Suppose A is a densily defined linear operator on H < H, such that:
i) dim (ker A) is not odd,
ii) |A| is a diagonalizable operator in a symplectic base (where
A =J,|A| in the polar decomposition).
We choose a complex structure J of H, such that
J|(ker A)* =J,|(ker A)*.
J|ker A is an arbitrary complex structure of ker A.

We shall write:
|[A| = ZJ_,‘PH*. AeER
k=N
where Py, are the orthogonal projections on H, and H, a two-dimensional
real subspace of H, which is invariant by J, such that H, = @H,‘ and

kel

H= @Hk (From now we denote by @ the Hilbert sum and by @ the

kel
direct sum). We remark that some 4, are possibly not different.

J defines a g-permitted hilbertian form s on H, (or H)
sy, @) = — oIy, @) [1].

It is with that scalar product we use H, as an Hilbert space. A is the infini-
tesimal generator of a one-parameter strongly continuous orthogonal
group { Ty }se on Hy. By [/, (4.1.1)], we can define an automorphism 1,
of Ay with 748,) = dr,y.

IMPORTANT REMARK.

Let A= A(H, ) = A,. H is invariant by A and J therefore t,A = A
and 14 can be restricted to an automorphism of A. All arguments and compu-
tations in the sequel are about A.

II. THE CLASS
OF REPRESENTATIONS WE CONSIDER

Let:
Ak = A(Hk, 0')

Let n; € #(H,, o) be an irreducible representation of A, into the separable
Hilbert space #,. Let w, be such that w(3,) = e”#¥¥ with §,eA,.
w, is a pure state of A, [7,(3.2.1) and (3.2.2)] to which corresponds, in the
Gelfand-Naimark-Segal construction, the representation m,, called the
Schrddinger representation, and the cyclic vector &, € #;.

Vol. XX, n° 3-1974,



300 J. F. GILLE AND J. MANUCEAU
It is well-known, since von Neumann [5], that m, and =, are unitarily
equivalent, i. e. there exists a unitary operator U, on ) such that
VxeA, m(x) = Um(x)U§

’

Let n = ®rzk and n’ = ®n,. n and 7’ are representations of A

kel kefy
into ¥ = ®.}fk. Recall that each Q = ® Q,. Q, being a vector of #,
kel kef

determines an incomplete tensor product ¥ =®""m . with €(Q)
kely
the equivalence class of Q for the relation =

(Qzﬂ’ iff le — (| < + ao)

The #*s are invariant subspaces of n’ and the restriction of n’ to those
subspaces, denoted by g, are irreducible and therefore =’ is the direct
sum of the set of the =g,

Let U= ® U,. It is a unitary operator on # [6, lemma 3.1, def. 3.1].
kel

Clearly:
ek VxeA n(x) = Un'(x)U*

So every irreducible subrepresentation ng of #n’ is unitarily equivalent to
the subrepresentation n,, of m. Therefore we can restrict our study to the
consideration of the irreducible subrepresentations of =.

ProposiTIONII. | (cf. [3]) (3). — mgq is unitarily equivalent to mg. if and
only if Q and Q' are unitarily equivalent.

Proof, — Recall that Q = ®n, and Q' = ®n; are weakly equiva-

keN kel

lent iff Z(l — (€ |)|) < + co. Suppose that Q and Q' are weakly
N

equivalent. By [6, def. 6.1.1 and lemma 6.1.1], one can find for each
keN a v,eR such that

‘Q; )kel\l = ‘eiuﬂk)ksl\l

Let U = ® ¢™1,. Then UQe #% and we have:
kely
Ra(x) = Ung(x)U*, VxeA.
(%) This proposition was previously stated by Guichardet [/6] for the fermions, and
independently by Klauder, McKenna, and Woods [/7] for the bosons. We keep our demons-
tration because of its connection with Powers’ methods.
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Conversely, if Q and Q' are not weakly equivalent, let us denote:
Wa(x) = (Q|ng(x)Q) , xeA

wq(x) = (Q'| ma(x)Q)
Let U, € #(#,) be a unitary operator such that U,Q; = Q, and let

- k=1 ©
00 e @1
J] ]

and

Uy =mn" l(Uk)
Let also E,,, = @m Hyupm= ﬂ u,, We get:
‘i i
vxe A(E, .. o), Wa(x) = wg(t, mXuy )
Let us denote:
Wym = wn | A(En,mv O')

m

nn.m - ® 7[,‘
il
m

Qn.m - ® Qk
"

VXEAE, m 0),  WpmlX) = (| T m(X)Q )

As a product of irreducible representations =, , is an irreducible repre-
sentation [8] hence w,, is a pure state [9, Lemma 2.4] implies that:

Il (@wq = @) | A(Eym 0) || = 21 = | gty )} \
= 2(1 -n I(leﬂi)lz)

Nevertheless: k
LEMMAII. 1.1 (3). — Let

#,= &), 87 = A

Then A =U“V"' If w, and w, are two equivalent pure states of A then:

Ve >0 3n, suchthat n=ny = |[(w, —w,)| V|| <&
We give the proof of this lemma in our Appendix.
(*) We are indebted to R. T. Powers for the proof of Lemma (II.1.1) which is crucial

for the sequel of the proof. See also [/8, Prop. 13] which provides a more general but far
less easy proof of Lemma (II.1.1).

(]
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302 J. F. GILLE AND J. MANUCEAU
Now, N;=C€,®...8C,®(X) . A, €, =Cl, and AE,., o) = N;.
s n
As lim l—[ | (Q,|€%)| = 0 because Q and Q' are not weakly equivalent,

Il (wq = wa) | 45| 2 lim || (wg — wa) | A(E,m o) || = 2

Hence wg and wq are not unitarily equivalent. [l

I11. THE THEOREM

Let us denote by A, the field operator, defined by
Rp(By,) = €A, ¥y € H,

We shall write the corresponding creation and annihilation operators, as:

1
a*(Y) = E(Akw’k) — iA(J¥))

1
a (Y) = E{At(ﬂt’t) + 1A (JYy)) .

Yk e N, we choose { ¥/, Y } an orthonormal basis of H, and we shall use:
af =a*(Wl) and o =a"(¥).
Recall that &, is a cyclic vector corresponding to the state w,

(0yd,,) = e~ forevery @,€H,)
|
and that (&]),.n, With & = —= (@) J"¢,, defines an orthonormal basis of ¥/,.
n

It follows that the €, s of Sect. II can be written:

g Q)

From now, we shall denote f} = | o

A. Statement.

A one-particle evolution t, is implementable for the representation ng
if and only if the following condition holds (111.A.1):

BiBi inf (A3 — %, 1) < +
(k.j.l')eN-‘
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If this occurs, a strongly continuous one-parameter group of unitary
operator (we shall call such groups SCOPUG),

{Woloms WeEmg(A)” = L(#7),
exists such that:

VxeA, VoeR Ro(TelX)) = Weng(x)W _,

B. Proof.
B.1. SUFFICIENCY

Suppose
1B inf (A2 — D% 1) < + o
(k,j.DEN?
It is well-known that ([/], (4.3) and [10], (5.1)):
VxeA, mltdx) = U, omi(x)Ugy

with U, , a strongly continuous unitary representation of R into J#, such
that:
Uy = g™t

Ny = a™(Yi)a™(¥i) + a*(Yi)a™(vi)
where ¢} e H, and ¢} = Jy}.

Let us build
Us = Q) U
kel

U, is a unitary operator on  [6, Lemma 3.1, Def. 3.1].
We get:

with

VxeA n(te(x)) = Upn(x)U, !

Changing U, , into V, 5 = e*U, ,, s, €R, V, = ®Vm implements t,.
We choose y, such that: -

Yke N Arg (Q |V, ) =0
We get:

(% | Vi s)® = | (| Uy o) I = Z BiBi cos (24,6(j — 1))
U )eN?

Let us consider:

Zl I — (| Vi o) | = Z BiBi1 — cos 48(j — D]
= (k,j,leN?3

=2 Z BiBL sin? (4,6(j — 1)
(k,j.Dem?

Vol. XX, n°® 3-1974.



304 J. F. GILLE AND J. MANUCEAU
From our hypothesis

BipL sin® (4,0( — ) < +

(k,j,heN?

(QVeQ) = l—liﬁk | Vo)
efy

for small 0 s,

converges to a real number different from 0 and V,#% < #%. We note
now V, its restriction to #°. Hence:

VxeA alte(x)) = Vgma(x)VE
holds. Nevertheless, { V, }4 is not a group in the general case. A theorem
of Kallmann [//] provides us the existence of such a SCOPUG { W, },=
in Z(#") with:
VxeA VOeR To(Te(x)) = Wemg(x)W_,
B.2. NECEsSITY

Condition (III.A.1) is equivalent to the both following conditions:

(II1.B.2.1) BiBl < +
(k, J.DEN?
[Ali—D 21
(I11.B.2.2) BB — D*Ai < +
(k,j,lem3
lAelti—ND<1

Suppose (II1.A.1) is false. Then either (II1.B.2.1) or (II1.B.2.2) is false.
Let us recall the two lemmas which prove that in the both cases 30e R
such that

Pii sin? (2,00 — D) = + o

(k. j.leN3
LEMMA ITI.B.2.3 (See [3, lemma 2.1]). — Let (ryhen. 0 < 1, < 1, and let

AER, || =1,
Then:

(Zr,‘ sin? (4,0) < + o Ve [eV“(O)) = Zr, < 4+ ®©

€

Let v be a bijective enumeration of N3, Wk, j, [) = m. Let us write r,, = B}
and u,, = A(j —[). If (II1.B.2.1) is false, we get therefore:

Zr,,=+oo = JheR

mefy
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GAUGE TRANSFORMATIONS OF SECOND TYPE AND THEIR IMPLEMENTATION. IL 305

such that:

Zrm sin® (1,0) = Z BiBL sin® (48 — 1) = + 0.
mely k,j el

LeMMA III.B.2.4 (See [3. lemma 2.2]). — If f:R —= R, f(0)=0,
f differentiable at 0 and f'(0) = 1, u € R, (uy)en, bounded, r, = 0, Yke N,
then:

(BIE'VR(O) and VYOel, Z rd flu8)? < + oc)

k
a
= Z rii < + o
1
The proof is obvious.

Let us return to the proof of main theorem. Let 6 € R such that
Bipy sin® (46(j — 1) = + o
(k,j.heh3

Let us denote as in the proof of (II.1):

En.m = @ Hk
% n

wu.m =F wﬂ | A(En.m* 6)

tam =) 7
k n
Qn,m =- ) QI:
®.
'#n.m = ®m ‘#k
: n

VZ € A(En.rm J) wn.m(z) - (Qn.m | TE!I.M(Z)Qﬂ,m)

M,.m is an irreducible representation, therefore w,, is a pure state.
We have:

nn.m(te(z}) = Uu.m.ann m(z)U;;a

m
= . — piNkAkl
Un,m,ﬂ = ®" Uk,ﬂa Uk,e = 'Kk
k

N, is a « number of particles » operator as in (III.B.1).
On the other hand, by a theorem of Glimm and Kadison [/2], an

u, .(0) € A(E, ., 0) exists such that:

Oy m(Te(2)) = Op (i m(0)2047 1 (6))

with
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306 J. F. GILLE AND J. MANUCEAU

Hence:
(U2 tm | T m(DU R 6m) = (T 7 (O, | T 217 145 OS2, )
and [/3, corollary, p. 84]
Tl U O = €U 1 o0

| wn,m(un.m(e)) | = l (Qn,m | Un,m.ﬂ‘ln,m} I

A H (| Uy o0 |

A theorem of Powers and Stgrmer [9, lemma 2.4] shows us that:

|l (@q — ©q °16) | A(E, M 0) || = 21 — | g(u, .(60) )}

So:

We apply lemma (I1.1.1) with:

Ho= ® A, 9)
Ne=C,®...8C, ®®

C,=Cl, 1<k<g

Obviously:
AE. .. 0] =85
Therefore:
[Hwa — wq =19 | NL || = },} || (wgq — wq = 1e) | A(E, m 9) |
> o1 - H XN
Now:

Z“ o |(Q:¢|Uu.ent) lzl =2 z ﬁ{ﬂi sin? MO — )=+
keny

(k, j.Del?

Therefore:
L"Q 1—[ [ (€| Uk.onx) |2 =0
t n

and: n
VneN || (wg — gt | Al =2

So, lemma (I1.1.1) enables us to assert that wg and wg, © 74 are not unitarily
equivalent ; hence there is no unitary operator Uye Z(#) such that:

Vxe A To(te(x)) = Ugmg(x)UF
75 is not implementable for the representation n,. [l
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IV. OTHER PROPOSITIONS AND REMARKS

| There exists a unitary operator
Ni=<0eR| Uge £L(#%)  such that
I VxeA Moltelx)) = Upng(x)UF

is an additive subgroup of R [3, IV.2].
2.

BiB. < + x

(k. j,1)eN3
i*l

We shall say that representation m, is a discrete one. Theorem (III.A)
implies that every one-particle evolution is implementable for all the dis-
crete representations. The corresponding state wg will be too called a
discrete one.

3. We have not the corresponding property of [3, (IV.3.1)] to conclude
that, if 7, is not a discrete representation and if { 4, },. has neither 0 non
infinite as accumulation points, then /3 = aZ, ae R, (Z the additive
group of the relative integers) because (u,, = A(j — )., can have oc as
limit point even if { A, },.y does not. Cf. [4].

4. Physically pure states, quasi-free states and connected questions.
4.1. DEFINITION. — A state wg defined by
Q =®Q,. Q = Z:z:g";
kefy nel
will be called a « physically pure » one iff af = 0 ¥n % m(k).

4.2. PROPOSITION. — There exists a physically pure state wq. unitarily
equivalent to wq iff wq is a discrete state,

Proof. — Suppose wg, is unitarily equivalent to a physically pure state wq,
with
=)o, o=emg®, vkeN

kel

Recall that w, and wgq are unitarily equivalent iff (II.1):

Z(l -1} < + ©
efy

Vol. XX, n® 3-1974.



308 J. F. GILLE AND J. MANUCEAU

hence:
(1 s |“:-:t112) = Z([ - ﬁrm) < 4+ o
N kel kefy
ow,
Yhs= ) M2 ) h
gl Jisl nZ=mik)
J*El JiEl
d J A #Emik)
and:
) 2
Z BiBL < ( Z B:) = (1 - oy
I n#mik)
J#l
JA#Fmik)
So:
Zﬁ{ﬁ}, < (1 =8P + 21 - pp®)
Tl
and: el
Bifi < +
(k,j.DeN3
J#1
i. e., wq is a discrete state.
Conversely, if
it < +
(k.j_.l)le

Zﬁiﬁi —1- Z(BZ)’ - Z(ﬁ: )= Zﬁ:(l _ )
jj;,f nehd nefy nelN

Z BifL = Z Bl — B) < +

(k,j.heN? (k,n)eN2

Let: j¥l
1
M,‘={neN|ﬁ:>2}
M= ({k} x M)
ik
L=NxN-M.
Then:
(1-8) <+ o
(k,njeM
fr< + x
(k,n)eL
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Now L, = { k| M, = @} has to be finite, because Zﬁ;’ = | and:

ne

ZZB;=CardLOS Zﬁ:< + o
keLo neN (k.n)eL

In each M, we can choose an m(k) and we have:

Z(l—ﬁ:""’)s Z(l—ﬁ:)<+ao

a-agv o=

kel

We can take:

to see that:

Z(l —|(leﬂi)l)=Z(l ~ V™ < +

kel
and so a physically pure state wq is unitarily equivalent to wq,. [l

Wq =®wﬂk,

then wq is a Fock state <> wq, is a Fock state Yke N.

4.3. LEMMA. — Let

Proof. — Let w, be a Fock state, wg is a primary state; hence [/4]:
wﬂ(aw) = e— (o)

with s’ a g-allowed hilbertian structure on H.
If ¢ € H,, a real scalar product s, exists on H, such that:

wg(d,) = e~ ¥®®  and 5, = —00J,

J, the only complex structure on H, such that s, turns out to be non nega-
tive (Jyii = ). Therefore for every k € N, wq, is the Fock state on A(H,, ).
Conversely, if wgq, is the only Fock state in A, = A(H,, o) for every ke N,
@€ Hy, wg(d,,) = e tlewob) 5, — _ 5. J,. We take J a complex structure
of H such that J|H, =J, and we get wg(d,) = e” % YoeH with
s=—gol.

4.4. COROLLARY. — Among the states of the type wq there is only one
Fock state.
Let wq be a physically pure state;

Q =®Q,‘

keN

Vol. XX, n® 3-1974,



310 J. F. GILLE AND J. MANUCEAU

Q, = &™. Then Vo e H,

wgld,) = e~ Hlell? mn_(;l)p__“q,HZp
5 —io (m(k) — p)!p!?

1
= exp (— slle ||2)me(||€°l|2)

L, being the Laguerre polynomial of degree m(k) as an easy computa-
tion shows.

The only Fock state of the type wq is constructed with Q, = &, Vke N.
The wg, s unitarily equivalent to the Fock state are such that

Z(l_ﬁf)'('l'w (EE=Ckvﬁ2=|m2izam=Zazéz)' .
eR nelN

4.5. DErFINITION. — A quasi-free state on A is a state w for which
"-’(6:») = e (@@ +ixle)

with s’ a g-allowed hilbertian structure on H and y in the algebraic dual
of H.

4.6. COROLLARY. — Let wq be a quasi-free state and

aeC, ol = (dwi) + xvi))?
the following assertions are equivalent:

i) Z|ck|2< + .
€

i) wq is a discrete state.
ili) wq is unitarily equivalent to the Fock state O, = 05

Proof. — iii) = i) is obvious by Proposition (4.2).
i) = iii)

1
wg(d,) = exp [— 550, 0) + ix(tp}]

. 1
wg=w,°(,  with  ©/d,) = exp [— Es’(cp, (p)]

and {(8,) = €%, wq is pure, hence w, is pure and so is the Fock
state w, [15].
We can easily see that

| ¢ |2) (ca)"
Q, = exp (— &
3 nefy \/P’F
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Indeed: (Q ' EMW)Q) = (Q| el'(a*(wl-hn'(leQ)
- e—}stm.w(e—ia'(mg | ela @)
= ¢~ ¥510.0), (LT Recy} + Imcwi).o)
If '

ZIC.:I’*:fc, x=z (Re ey + Im c¥7f)

1
kel

is continuous. So [/. (4.4.4)] is unitarily equivalent to the Fock state w,.
ii) = i)
If wq is a discrete quasi-free state, we have
_ lal?
e *(q)
Q = Zﬂéﬂ': G=—

nelN \/;

and Z(l — Br™) < oo for a certain (m(k)),.n. Now, for n > 1

e , ,
exp (— l C;' ).(C*)':Ill;/ﬁ

Therefore m(k) = 0 Yke N — L, L finite and Z(l - ﬂf) < oo which

n_on _1
<nie ?/n'<(2n) *<1.

implies that U exp (— | ¢, |?/2) converges and is different from 0. In
N

Z|c,‘|2<oc. ]
N

4.7. Remark. — In the opposite of the fermion case [3, IV.4.3] there
are non discrete quasi-free states; they are constructed with y no continuous.

other words:

Vol. XX, n® 3-1974.



312 J. F. GILLE AND J. MANUCEAU

APPENDIX

LemMa I1.1.1. — Let

A, =®' AH, o). then A =U,4,
k - nel

If w, and @, are two unitarily equivalent pure states of A, then:
lim || (@, — @) | A7l = 0.

Proof (R. T. Powers). — By [/2]. if w, and w, are unitarily equivalent, there exists an
ueA such that uu* = u*u =1, and VxeA, m,(x) = wy(u*xu). Let 1 >¢>0. IneN,
3be A, with [|b — u|| <e. Since || b — u]| <g, b' exists. Let u’ = b(b*b)"*. Then w’'e A4,
and u*u’ = u'u'* = I,. And

u —ull <||b(b*b)"* —b|| +11b — ull
<|1Bll [1(b*0)F =14l + ¢
Now if ||y = Il < I: g

Iy _l“"-”Z (I —

and, for any ¢’ > 0, one can choose & > 0 such that || (bb*)! — 1, || < &’ because yi (yy*)
is continuous. So: &
N —u|l € ||b]l — +&e=2¢"
I —e¢

iy =Tl
1—II.v T=1ly =Ll

’

=

Let w’, such that: (%) = wy(u*xu)

oy = will = sup | (x) - w'(x) |
XE
lixll=1
sup | wy(@*xu — u'*xu’)|
II:H‘I
< sup ||u*xu — u*xu + u*xu — u'*xu'||
xeA
l=ll=1
<2u—u] €2

Now:
Wy | A7 = wi | A7
because, for ye A7 :
@ (y) = wy(u"*yu’) = wy(y)
Hence :
e, — @) | AL =|l(e) —w)|A5l<2". I
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